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ABSTRACT: A number of anomalies, found in studies on the free-radical copolymerizations of a variety
of monomers are attributed to the globular state of growing macroradicals, the monomer mixture
composition inside and outside of which differ markedly. An account of such partitioning of monomers
(the Harwood Bootstrap Effect) is performed within the framework of a new quantitative theory of
copolymerization which interprets the dependence of the composition of copolymers obtained at low
conversions on their molecular weights, as well as explains the pronounced intramolecular and
compositional inhomogeneity of these copolymers. A theoretical approach has been elaborated to describe
the copolymerization of an arbitrary number of monomers which is easy to verify experimentally because
along with reactivity ratios its only other input parameters are the Flory ø-parameters of pair interactions
between monomer units, monomers, and solvent molecules.

1. Introduction

The first, very relevant papers dealing with the
kinetics of free-radical copolymerization were published
about 50 years ago.1-4 Essentially two kinetic models
were proposed: the first of them takes into account the
relative reactivities of growing macroradicals toward the
different monomers present. Initially, this model con-
sidered only the reactivity of the terminal monomer unit
of the chain. Subsequent developments of this approach
attributed some relevance also to penultimate5 and
penpenultimate6 monomer unit effects. The second
model implies the formation of a complex between the
components of the polymerization mixture and their
involvement in subsequent polymerizations. Kinetic
equations based on this second approach consider all
possible reactions between the growing macroradicals,
the complexes and the monomers, as well as the effect
of the solvent.7-11

Both theories pay almost exclusive attention to the
kinetics and mechanism of the propagation step without
considering the important role played by physical fac-
tors. Proper consideration of the latter has been
introduced only recently. In 1978, Plochocka and Har-
wood12 published experimental data concerning the
copolymerization of styrene and methacrylic acid carried
out in carbon tetrachloride and dioxane at low conver-
sions. Their unexpected finding was that copolymers
having the same composition had the same microstruc-
ture independent of the solvent and of the monomer
molar ratio in the feed. In 1987, Harwood published
further data on other systems (styrene copolymerized
with methacrylic acid and methacrylonitrile in benzene
and dimethylformamide).13 The new results fully con-
firmed the previous ones. In more recent years, many
papers14-20 provided new evidence about this phenom-
enon which was named the bootstrap effect by Har-
wood.13 This effect has been explained by the assump-
tion that the growing polymer chain controls its own
environment in such a way that the local monomer ratio
can differ, often significantly, from their ratio in the bulk

of the polymerization mixture. This explanation was
used to interpret qualitatively not only the fact that
copolymerization products of the same composition have
the same sequence distribution, even when prepared in
different solvents from a variety of monomer mixture
compositions, but also other interesting features pecu-
liar to this phenomenon. The main peculiarities have
been detected experimentally and explored in detail in
a series of papers by Semchikov et al. and Smirnova et
al.,21-36 who investigated the radical bulk copolymeri-
zation of about 30 pairs of the most common vinyl
monomers. The above peculiarities can be summarized
as follows:
(1) The compositions of many copolymers obtained at

low conversions are markedly controlled by their mo-
lecular weight, at least in a well-defined range of values.
This dependence, for a given temperature and monomer
feed composition, is not at all related to the method used
for molecular weight control, which can be accomplished
by changing the concentration of either the initiator or
a chain transfer agent.
(2) Copolymers synthesized in low conversion (i.e., less

than 10%) are characterized by an anomalous composi-
tion inhomogeneity, exceeding that predicted by the
classical theory of free-radical copolymerization. This
is due to the considerable polydispersity of these prod-
ucts with respect to the number of their monomer units
as described by the Flory exponential distribution.
Since the composition of each macromolecule within the
sample is unambiguously related to its degree of po-
lymerization, the material composition inhomogeneity
can be very substantial if the molecular weight distribu-
tion is sufficiently wide.
(3) Each copolymer macromolecule is chemically in-

homogeneous along its chain length. It has been
demonstrated34-36 that different segments along the
same polymer chain, having the same length and
containing a sufficiently large number of monomer
units, can have rather different compositions. According
to the concepts of the traditional theory of free-radical
copolymerization such intramolecular inhomogeneity
should be negligible by virtue of the fact that polymerX Abstract published in Advance ACS Abstracts, June 15, 1997.
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radicals grow for such a short term that the monomer
feed composition should not change during the forma-
tion of a given polymer molecule. This statement does
not obviously hold if the phenomenon of preferential
sorption manifests itself, i.e., when the local monomer
concentration ratio in the vicinity of the growing radical
drifts along with the macroradical composition at con-
stant monomer concentration ratio in bulk. Experi-
mentally, intramolecular inhomogeneity of copolymers
was qualitatively studied by performing selective scis-
sion of the copolymers and analyzing the resulting
products.34-36 The systems in which the peculiarities
discussed above are present have been termed anoma-
lous30,35 to differentiate them from classical ones, which
can be properly described by simply using the tradi-
tional theories of free-radical copolymerization. It must
be underlined that, among the studied monomer pairs,
the classical systems constitute only about a third of
the total.21-36 The phenomenon of preferential sorption
appears as a fairly general feature of free-radical
copolymerization. As a consequence, a proper theory
should take into account its role to describe the above
process quantitatively. In this paper we present a first
attempt to elaborate a new theory on the basis of both
the Bootstrap Model (BM)13 and the current concepts
of statistical physics and chemical kinetics related to
polymer growth.

2. Background

At the initial stage of a copolymerization reaction, i.e.,
at low conversion, the concentration of copolymer chains
is sufficiently small that each macromolecule can be
considered as a separate “microreactor” having bound-
aries permeable to the monomer molecules. The con-
centration of these molecules inside the microreactor is
governed by thermodynamic equilibria because the
reaction of a polymer chain propagation is for the system
in question kinetically controlled. This statement is
easy to verify having compared characteristic time of
the diffusion of the monomer molecule inside the mi-
croreactor and that of its addition to the macroradical.
The latter is, as a rule, several orders of magnitude
higher than the former so that the entry of monomer
molecules into the chemical reaction does not virtually
affect their equilibrium partitioning between free sol-
vent and domains of growing polymer radicals. Finding
of this distribution constitutes one of the two main
problems whose solution is indispensable for the elabo-
ration of a copolymerization theory that allows for
preferential sorption of monomers. Let us discuss the
assumptions that can be made for the solution of the
above problem.
It is well-known37 that a macromolecule in solution

can be found in one of two macroscopic states commonly
indicated as coil and globule. According to the inter-
pretation given by Lifshitz,37,38 a globule is the state in
which the polymer molecule has a definite and thermo-
dynamically reliable spatial structure. This means that
the fluctuations of the monomer unit density in a
globule are less than the density itself or, alternatively,
that the range of density correlations is finite when the
number of units in a macromolecule l tends toward
infinity. On the contrary, the coil state is that in which
a macromolecule is characterized by having no definite
spatial structure. In a coil, the fluctuations of polymer
density are of the same order of the density itself, and
the radius of correlation is comparable to the dimension
of the coil, i.e., it indefinitely increases when l f ∞.

With an increase in the number of units l of the
polymer chain, their density in the microreactor should
be expected either to approach zero or to remain
nonvanishing, depending on whether this chain is in the
coil or globule state. In the first case this density at l
≈ 103-104 is so small that any distinction between the
concentrations of monomers in the microreactor and
their values in bulk can hardly be expected. This
conjecture has been convincingly supported by some
simple estimates by Smirnova,36 on the basis of her
experimental data for the bulk copolymerization of an
equimolar mixture of styrene and methacrylic acid. By
two independent methods (equilibrium dialysis and light
scattering) it has been established that an increase in
the molecular weight of the copolymer from 3 × 104 to
1 × 106 involves a corresponding growth of the coef-
ficient of methacrylic acid preferential sorption by ∆λ
) 0.35 mL/g and an increase of the content of its units
in the macromolecular chain by 10-12 mol %. Such a
change in copolymer composition ∆X corresponds to a
change in the composition of the monomer feed ∆x in
the microreactor of 15-17%. This value exceeds by a
factor of approximately 10 exceeds the value of ∆x ≈
1-2%, which results from simple estimates using the
value ∆λ ) 0.35 mL/g on the assumption that a
macroradical represents a gaussian coil. Thus, Smirno-
va36 proposed that a monomer preferentially sorbed by
the macroradical is mainly localized in the vicinity of
the polymer chain in a solvating layer whose composi-
tion differs from that of the monomer mixture in the
whole reactor.
In the present paper we suggest an alternative

explanation that is able to eliminate the above contra-
diction without necessarily assuming preferential ad-
sorption of monomers on coiled polymer chains. We
believe that in order to have the phenomenon of
preferential sorption be sufficient to markedly change
the monomer composition in a microreactor, the mac-
roradical should be in a globular state. Indeed, in this
state the density of a polymer, depending on the
thermodynamic affinity of the latter toward the solvent,
may have a wide range of values and these substantially
exceed the value which a high molecular weight mac-
roradical in a coil state would have.
A considerable body of experimental data regarding

preferential sorption of binary solvent molecules by
different homopolymers shows a dramatic intensifica-
tion of this effect in the proximity of the Θ-point.39,40
At the Θ-point, by its definition,37 a macromolecule of
infinite molecular weight undergoes a transition from
the coil to the globular state. If the thermodynamic
affinity between polymer and solvent decreases, such a
transition occurs when a macromolecule has finite
length. As one moves away from the Θ-point, the
increase in polymer density inside the core of a globule
is accompanied by a narrowing of the thickness of the
surface layer on its boundary. The free-energy differ-
ence between a globule and a coil is due to both volume
and surface contributions, which have different signs
for a thermodynamically poor solvent. When these
contributions become equal in absolute value, the coil-
to-globule transition takes place. This generally hap-
pens by changing the temperature and/or the thermo-
dynamic quality of the solvent. On the contrary, in our
case these parameters remain constant, and the above
transition is induced by only increasing the degree of
polymerization of the macromolecule. According to our
interpretation, the following explanation may be sug-
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gested for the peculiarities normally observed during
the initial stage of a free-radical copolymerization that
is influenced by the phenomenon of preferential sorp-
tion. Such peculiarities are thought to show up to an
appreciable extent only when monomer mixture or,
more precisely, the reaction medium is a moderately
poor solvent for the copolymer chain being formed. If
the solvent medium exhibits lower affinity to the
polymer, it will behave as a precipitating agent, thus
conditioning the heterophase regime of copolymeriza-
tion, whereas when higher affinity is shown, i.e., when
the monomer mixture is a good solvent, strongly pro-
nounced anomalies are not likely to arise. Thus,
depending on thermodynamic affinity of the monomer
mixture (which also could contain solvent molecules) to
the copolymer being formed, one could expect three
different regimes of copolymerization.
All three regimes indicated above have been experi-

mentally observed22 in the bulk copolymerization of
styrene and methacrylic acid for some specific ranges
of composition values of the monomer mixture, whose
thermodynamic affinity toward the copolymer was found
to decrease by increasing the acid fraction. In this
system, the dependence of the composition of a copoly-
mer on its molecular weight is the most strongly
pronounced in the boundary area around the region of
heterophase regime of copolymerization. This behavior,
which also characterizes other anomalous copolymeri-
zation systems,22,36 agrees with our hypothesis concern-
ing the role of globular state of macroradicals, inasmuch
as in diluted solutions, due to the worsening of the
affinity between polymer and solvent, the coil-to-globule
transition immediately precedes polymer precipitation
as a separate macrophase.37 The temperature differ-
ence under which these two thermodynamic transitions
occur is due to the translational entropy of macromol-
ecules.
By adding to the monomer mixture a low molecular

weight component, one can either increase or decrease
its solvent power. This way of controlled alteration of
thermodynamic affinity between solvent and polymer
provides a possibility to verify our globular state hy-
pothesis using the experimental data already obtained
by Smirnova et al. and Semchikov et al.22,36 They chose
a typical representative of both classical (styrene +
methyl methacrylate) and anomalous (styrene + meth-
acrylic acid) systems and copolymerized the first of these
monomer pairs in the presence of the precipitating agent
(cyclohexane or methyl alcohol), while the copolymeri-
zation of the second pair has been carried out in the
presence of a “good” solvent such as dimethylformamide.
It was found that in the first system the addition of the
precipitating agent, in an amount not sufficient to cause
phase separation, results in a considerable dependence
of copolymer composition on molecular weight. Con-
versely, in the second system, the addition of the solvent
was found to lead to the disappearance of this effect.
Consequently, its appearance is a signal that all copoly-
mer macromolecules have been formed in a moderately
poor solvent medium.
Under such conditions, a polymer chain begins grow-

ing in a coil state and then, once a critical value of l*
units is attained, it changes into a globular state,
continuing its growth up to the moment when the chain
is terminated by interaction with either another radical
or with a chain transfer agent. The most interesting
case will now be discussed, when l* is much less than
the average degree of polymerization, i.e., when for most

of its lifetime the macroradical grows in a globular state.
In this case the most pronounced anomalies should be
expected as compared to the classical picture of radical
copolymerization. The reason for such anomalies lies
in the fact that the monomer mixture composition in a
globule, because of the phenomenon of preferential
sorption, differssgenerally speakingsfrom its value in
bulk. Moreover, thermodynamic equilibrium values of
the monomer concentrations in a globule are not likely
to be constant during the process of macroradical
growth, but will change as a consequence of the alter-
ation of the propagating copolymer chain composition.
Since the latter by itself depends on the monomer
mixture composition in the microreactor, close interac-
tions of physical and chemical factors are the dominat-
ing factors by virtue of which the propagating copolymer
radical can control its own environment.
Let us discuss a copolymerization of an arbitrary

numberm of monomersM1, ...,MR, ...,Mm, whose molar
fractions in the initial mixture x1

0, ..., xR
0, ..., xm

0 repre-
sent the components of vector x0. At the initial stage
of the process to be considered below, the composition
of the monomer mixture in bulk may be thought of as
unaltered and equal to x0 unlike its value x in a globule,
which changes during the growth of the polymer chain.
The evolution of its composition X with the increase of
the number l of monomer units of this chain is described
by the following equation:

where πR(x) is the Rth component of the vector π (x) of
the instantaneous composition of the copolymer, formed
at the fixed monomer mixture composition x. Equation
1, resulting from the material balance conditions when
dealing with nonstationary growth of polymer chains,41
does not depend on the kinetic model chosen, which
imposes only a particular appearance of the dependence
of π on x. For the Mayo-Lewis terminal model π is a
stationary vector of the Markov chain with the matrix
of transition probabilities, whose elements

are governed along with x only by the values of
monomer reactivity ratios rRâ, which have been tabu-
lated for many hundreds of monomer pairs (MR + Mâ).
By their definition, the components πâ of the vector π
represent the solution of a set of linear equations

In the particular case of a binary copolymerization they
have the familiar appearance

where the traditionally adopted designations r1 ≡ r12,
r2 ≡ r21 are used.

dXR

dê
) πR(x) - XR where ê ) ln l (R ) 1, ..., m)

(1)

νRâ ) rRâ
-1xâ(∑

γ)1

m

rRγ
-1xγ)

-1 (2)

πâ ) ∑
R)1

m

πRνRâ (â ) 1, ..., m) ∑
R)1

m

πR ) 1 (3)

π1 )
ν21

ν12 + ν21
, π2 )

ν12
ν12 + ν21

;

ν12 )
x2

rx1 + x2
, ν21 )

x1
x1 + r2x2

(4)
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The set of differential equations (1), describing the
alteration of molar fractions XR of monomer units of
different types R ) 1, ...,m in the propagating copolymer
chain, is nonclosed because the right-hand parts of these
equations include, apart from XR, also unknown com-
ponents xR of the vector x of the monomer mixture
composition in the microreactor. To have this set
truncated, one should determine the dependence be-
tween vectors x and X in the state of thermodynamic
equilibrium, i.e., one has to solve the problem of equi-
librium partitioning of monomers between globules and
their environment.

3. Thermodynamics of Preferential Sorption
Let us turn to the general case, where the initial

reaction system in parallel with m types of monomers
contains n types of solvent. Let us denote by NR the
number of molecules of these low-molecular components
in a globule. Here the subscript R ) 1, ..., m for
monomers and R ) m + 1, ..., m + n for solvents. In
addition to NM ) N1 + ... + Nmmonomer molecules and
NS ) Nm+1 + ... + Nm+n solvent molecules, a globule
involves units Mh 1, ..., Mh m of the high molecular weight
component, the numbers l1, ..., lm of which add up to
the value l of the degree of polymerization of the
macroradical and characterize its molar composition XR
) lR/l (R ) 1, ..., m). In order to find the specific
dependence on it of the monomer mixture composition
in a globule xR ) NR/NM (R ) 1, ...,m), it is necessary to
consider the thermodynamics of swelling of the latter
in the presence of monomers and solvents.
According to the thermodynamic theory,37,38 most of

the globule is occupied by a spatially homogeneous core,
where the volume fraction of each of the low molecular
weight components æR (monomers and solvents) and
quasi-components ΦR (monomer units) has a definite
value, identical in all points of the core. Only within a
rather narrow surface layer of the globule the change
of volume fractions from æR and ΦR in the globule core
up to æR

0 and 0 in the surrounding solution occurs.
Examination of this layer, necessary for finding the
surface tension at the globule boundary, constitutes a
complicated problem in comparison with the description
of the globule core and thus it will be considered
elsewhere. The reason of these difficulties, arising for
the calculation of concentration distributions of the
components and quasi-components within the surface
layer, has to do with the fact that these distributions
are prescribed by the type of arrangement of monomer
units in a macromolecule, whereas the values of these
concentrations in the globule core are not influenced by
such an arrangement.
Volume approximation under which they neglect the

surface contribution to the free energy of a globule
works better the farther the system is from the point of
the coil-to-globule transition. The latter coincides under
volume approximation with the Θ-point, but actually
with the allowance made for the surface layer the
difference between these two points is the more pro-
nounced it is the less is the length of polymer chain l.
Hence, the condition, imposed on the thermodynamic
and stoichiometric parameters of the system by the
equation of the Θ-point, controls the position of the
boundary in the region of alterations of these param-
eters, separating that part of the above region, where
marked manifestation of the bootstrap effect should be
expected.
Explicit thermodynamic consideration of the role of

the one-component solvent in the theory of homopolymer

globules has been carried out by Lifshitz and Grosberg.42
By extending their approach to the case under discus-
sion, it is possible, within the framework of the simplest
Flory-Huggins lattice model, to write down the following
expression

for the difference of the Gibbs free energy ∆G of a
heteropolymer globule and a coil in a multicomponent
solvent. The first term in the right-hand part of the
expression 5 corresponds to the translational entropy
of low molecular weight components, whereas the
second one involves three contributions

which describe the enthalpy of mixing (per site of lattice)
of these components, one with the other (hLL), with
monomer units of a macromolecule (hLP) as well as that
of the units between themselves (hPP). Along with the
Flory-Huggins parameters øRâ the expression 5 includes
also the absolute temperature T (expressed in energetic
units), the number of sites N ) l + NM + NS contained
in a polymer globule volume, the fraction Φ ) l/N of
this volume occupied by the polymer, as well as the
quantities µR

0 and η0. The first of them represents the
chemical potential of the Rth component in absence of
a polymer, i.e., in the solution outside a globule. As for
the second one, this has not such meaning since
monomer units, being joined in polymer chains, are not
true thermodynamic components. That is why the
finding of the expression for η0 deserves special consid-
eration.42 With this in mind we arrived at the expres-
sions:

where the following designations are applied:

while yR
0 stands for the Rth component of the vector y0,

defining the composition of the low molecular weight
solvent in the bulk system.
Equilibrium values of the numbers NR of molecules

of the low molecular weight components in a globule can
obviously be found from the condition of minimum free
energy ∆G for the system consisting of a globule and
the surrounding solution. The fulfillment of this condi-
tion assumes the chemical potential of each Rth of these
r ) m + n components to have the same values inside
(µR) and outside (µR

0) the globule:

∆G

NT
) ∑

R)1

m+n

æR ln æR + h(æ,Φ) - ∑
R)1

m+n

æR

µR
0

T
- Φη0 (5)

h(æ,Φ) )

hLL + hLP + hPP, hLP ) hPL ) Φ∑
R)1

m

∑
â)1

m+n

øRâ
PLXRæâ

hLL )
1

2
∑
R)1

m+n

∑
â)1

m+n

øRâ
LLæRæâ, hPP )

Φ2

2
∑
R)1

m

∑
â)1

m

øRâ
PPXRXâ )

Φ2

2
σPP

(6)

µR
0

T
) ln yR

0 + σR
LL - 1

2
σLL η0 ) σLP - 1

2
σLL - 1 (7)

σLL ) ∑
Râ

øRâ
LLyR

0yâ
0, σLP ) ∑

Râ

øRâ
LPyR

0Xâ, σR
LL ) ∑

â

øRâ
LLyâ

0

(8)

∂∆G
∂NR

) ∆µR ≡ µR - µR
0 ) 0 (R ) 1, ..., r) (9)
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Differentiating the expression 5 with respect to NR
yields, in terms of the thermodynamic model under
discussion, the following expression for the chemical
potential of the Rth component:

where

Equation 9, complemented by the apparent stoichio-
metric relationships

form a closed set, whose solution permits one to find
Rth components æR of the vector æ at given values æ0 as
well as at the polymer chain composition X. By knowing
the solution of the problem on the partitioning of low
molecular weight components between the globule and
a surrounding solution, it is easy to find the composition
x of the monomer mixture in the microreactor

Such a procedure provides the possibility of establishing
an equilibrium correlation between vectors x and X
which, in conjunction with kinetic eq 1, enables onesin
terms of the model chosensto describe macroradical
growth with allowance for preferential sorption of
monomers in its domain.
Among the solutions of eq 9 only those that cor-

respond to the minimum of free energy G for which the
matrix with elements

equal to the second derivatives with respect to the
numbers of particles of different kinds in a globule is
positive definite, i.e., all its eigen values λr are positive.
Once ∆G has been calculated for all such solutions, it
becomes possible to indicate which of them corresponds
to the absolute minimum of free energy. Only this
solution will be globally thermodynamically stable,
whereas the other free-energy local minima correspond
to metastable states. In terms of our model, where the
Rth component chemical potential is characterized by
the expression 10, the matrix elements (14) are

Among the solutions to eq 9 a special role is played
by the trivial one æ ) æ0, which corresponds to the coil
state of a macromolecule. The unlimited swelling of a
globule NL ) l/Φ f ∞ formally corresponds to this

solution for the model of interest; thus, in order to avoid
sophisticated mathematics due to the involvement of
infinite quantities, one can find it sometimes more
convenient to go from the variables (æ1, ..., ær) to (y1, ...,
yr; Φ), where among the r components

of the vector y defining the low molecular weight
mixture composition, only r - 1 are independent. The
quantity Φ (11), specifying the degree of a globule
expansion describes total sorption, while preferential
sorption is characterized by the difference in composi-
tion of a mixture of low molecular weight components
inside, y, and outside, y0 ) æ0, the globule.43 The
coefficient of preferential sorption

is proportional to the above difference. This coefficient
is defined here as the number of molecules of the Rth
component additionally sorbed by the globule, reduced
to the number of monomer units in a macromolecule.
The coefficients (16), obeying the stoichiometric condi-
tion κ1 + ... + κr ) 0, may be either positive or negative,
and they correspond to the enrichment or impoverish-
ment of a globule by the molecules of particular solvents
and monomers, respectively. The values of the quanti-
ties κR, on one hand, are experimentally measurable by
the method of equilibrium dialysis or by light-scattering
measurements.44 On the other hand, they can be
calculated in terms of the suggested approach (via the
solution of the set of eq 9 at arbitrary numbers r andm
of the components and quasi-components, respectively).
For heteropolymer globules, heavily swollen in mul-

ticomponent solvent in the vicinity of the Θ-point,
explicit analytical expressions describing the sorption
equilibrium have been found out.41 It has been dem-
onstrated45 that for the equilibrium degree of swelling
of such globules Φ ) ΦG, one can use the following
formula

derived earlier34 in the theory of homopolymer globules,
by replacing in eq 18 the second, B, and the third, C,
virial coefficients by their effective values B̂ and Ĉ:

Here the matrix θ, characterizing thermodynamic prop-

µR

T
) ln æR + hR - h + Φ (10)

hR ≡ hR
LL + hR

LP hR
LL ≡ ∂h

LL

∂æR

) ∑
â)1

r

øRâ
LLæâ

hR
LP ≡ ∂h

LP

∂æR

) ΦσR
LP σR

LP ) ∑
â)1

m

øRâ
LPXâ (11)

æ + Φ ) 1 æ ) æM + æS ) NM + NS

N
(12)

xR )
æR

æM
(R ) 1, ..., m) where æM ) ∑

R)1

m

æR (13)

µRâ ≡ N
∂
2∆G

∂NR∂Nâ

)
∂µR

∂æâ

- ∑
γ)1

r

æγ

∂µR

∂æγ

(14)

µRâ ) æâ
-1δRâ + øRâ

LL - hR - hâ + 2h - 1 - Φ (15)

yR )
æR

æ
(R ) 1, ..., r) ∑

R)1

r

yr ) 1 (16)

κR(Φ) ≡ NR - NR
0

l
)
NR - æR

0NL

l
) 1 - Φ

Φ
(yR - yR

0)

(17)

ΦG ) - B
2C

, 1 (18)

B̂ ) 1
2

- ø̂ ø̂ ) ø̂(1) + ø̂(2)

ø̂(1) ) σLP -
1

2
(σLL + σPP) ø̂(2) )

1

2
∑
Râ

r

θRâzRzâ (19)

Ĉ )
1

6
[1 + ∑

Râ

r

{3θ - θøLLθ}RâzRzâ] zR ) σR
LP - σR

LL

(20)
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erties of r low molecular weight components in the
absence of a polymer, has the elements

which are related in a trivial fashion to the elements
gRâ
L of the matrix gL, inverse to the matrix ML, with
elements

The effective Flory-Huggins parameter ø̂, describing
the pair interactions inside a globule is, according to
(19), the sum of two terms. The first of them character-
izes the change of the system enthalpy caused by the
mixing of components and quasi-components in the
absence of preferential sorption, whereas its effect on
the partitioning of monomers and solvents inside the
globule is allowed for by the second term. Unlike the
first term, the second one is always positive,45 being
greater in value the closer the mixture of monomers and
solvents to the spinodal point is, the latter defined by
the condition H ) 0. As this spinodal point is ap-
proached, the coefficients of preferential sorption (17)
also increase and for heavily swollen globules ΦG , 1
can be calculated by the simple formula45

Such phenomenon of preferential sorption magnification
by homopolymers in a mixture of binary solvents, when
worsening the compatibility of these latter, has already
been established experimentally for a number of specific
systems.46-49

4. Quantitative Description of
Copolymerization in Anomalous Systems
As pointed out in the Introduction, there are two

specific peculiarities qualitatively distinguishing these
systems from the classical ones: (i) intramolecular
chemical inhomogeneity of polymer chains, which in
turn is responsible for (ii) the dependence X of the
composition of macromolecules on their length l. Ex-
perimental data for several nonclassical systems indi-
cate that, at fixed monomer mixture compositions and
temperature, such dependence of X on l is of universal
character for any concentration of initiator and chain
transfer agent.23,32,36 This function X(l), within the
context of the theory proposed here, is obtainable from
the solution of the kinetic eq 1, supplemented by the
thermodynamic eq 9 used for determining the depen-
dence x ) F(X) of the monomer mixture composition x
inside the globule on the composition X of the associated
heteropolymer chain. For heavily swollen globules,
when ΦG , 1, the components of the vector-function
F(X) can be presented in explicit analytical form:

where the dependence of the values ΦG and κR, charac-
terizing the total and the preferential sorption of
monomers in the microreactor, respectively, on X is
given by expressions 18-23.

In nonclassical systems a growing polymer chain, on
attaining the length l ) l*, turns into globule, whose
associated monomer mixture composition x′ ) F(x0)
(where X0 ) π(x0)) differs, generally speaking, from that,
x0, observed in bulk. This leads to the evolution of the
growing macroradical composition, described by the set
of equations in (1) and, consequently, to the drift of the
monomer mixture composition in the microreactor in
accordance with the dependence x ) F(X). Here the
obvious question arises to which limiting values X∞ and
x∞ the above compositions will tend at l f ∞. A general
answer to this question for copolymerization of an
arbitrary number m of monomers is more readily
attained by considering this process in terms of the
theory of dynamical systems just like it has been done
earlier50,51 when dealing with classical multicomponent
copolymerization within the region of high conversions.
For the case of interest copolymerization dynamics

is described by a set of nonlinear equations in (1), where
the variable ú plays the role of time, supplemented by
the thermodynamic relationship x ) F(X). The instan-
taneous state of the system, characterized by vector X,
may be represented by a point in the (m - 1)-
dimensional phase space, which is an m-simplex, X1 +
... Xm ) 1. When m ) 2, 3, and 4, such a simplex will
be denoted by a straight-line segment with unit length,
by the Gibbs-Roozeboom triangle and by the inner part
of a regular tetrahedron, respectively. In correspon-
dence to the evolution of the composition X in the course
of the polymer chain growth there will be the displace-
ment of the point, which characterizes the system state,
inside the m-simplex along a specific trajectory, the
position on which is determined by the value of the
variable ú. Knowing such a trajectory is of prime
importance since it controls the main statistical char-
acteristics of the copolymer formed. Thus, its average
composition can be found by the formula

where angular brackets denote that the value inside is
averaged over the weight distribution of macromolecules
fw(l) for a number l of their units. In order to find the
weight composition distribution fw

c (ú) the Dirac delta
function should be analogously averaged

because in this case the compositional dispersion ú of
macromolecules of the same degree of polymerization l
is neglected. In parallel with the first-order statistical
moments (25), the second-order moments of composition
distribution

characterizing its width are of utmost significance.
The solution to the problem of sequence distribution

as well as that of composition inhomogeneity (26)
reduces to the calculation of simple integrals along the
trajectory within the phase space. For this purpose to
describe copolymerization dynamics it appears conve-
nient to switch from X to the vector x using the
relationship x ) F(X) and to examine withinm-simplex
the trajectories x(l). Hence the probability P{U} of an
arbitrary sequence U ) {Mh RMh â...Mh ψMh ω} of units of the

θRâ ) gRâ
L -

HRHâ

H
, HR ) ∑

â

r

gRâ
L , H ) ∑

R

r

HR ) ∑
Râ

r

gRâ
L

(21)

MRâ
L ) (yâ

0)-1δRâ + øRâ
LL (22)

κR ≡ lim
Φf0

κR(Φ) ) - ∑
â)1

r

θRâzâ (23)

xR ) FR(X) ) xR
0 + κRΦG (R ) 1, ..., m) (24)

〈XR〉 ) ∫1∞fW(l)XR(l) dl (25)

fW
c (ú) ) 〈δ[ú-X(l)]〉 (26)

∫ ...∫ úRúâfW
c (ú) dú1, ..., dúm ) 〈XRXâ〉 (27)
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m-component copolymer can be calculated by the fol-
lowing formula:

where the dependence of the components πR of the
stationary vector π and elements νRâ of the matrix of
transition probabilities on monomer mixture composi-
tion is given by formulas 2 and 3.
For the calculation of statistical characteristics of a

copolymer using expressions 25-28 it is necessary to
substitute into them the distribution function fw(l) for
the number of units in macromolecules, being formed
under initial conversions. For such function one may
choose the Flory distribution50

involving two parameters: (i) the fraction γ of radicals
terminating by disproportionation and (ii) the average
length of kinetic chain, lav, expressed in a simple
manner as lav ) (1 + γ)PN/2 ) Pw/(3 - γ) through
number-average PN or weight-average Pw degree of
polymerization. The expression 29 has been derived for
a polymerization in the absence of a chain transfer
agent, which, if present, does not affect the form of the
function fw(l) being only responsible for the redefinition
of its parameters.50 These latter, along with reactivity
ratios {rRâ}, monomer feed composition x0 and the Flory-
Huggins parameters {øRâ} constitute a complete set of
control parameters, which in terms of the proposed
theory are required to calculate statistical characteris-
tics of copolymers in nonclassical systems.
The alteration of propagating copolymer chain com-

position is defined by the limiting value X∞ which tends
to X(l) when l f ∞. To this value inm-simplex, a stable
stationary point (SP) corresponds, where all trajectories,
starting within the basin of attraction of the given SP,
terminate. If a dynamic system (1) has several stable
SPs, the m-simplex is partitioned into the basins of
attraction of each of them. The coordinates of any SP
in this system can be found as solutions of algebraic
equations

obtainable from the differential equations in (1), pro-
vided their right-hand parts are equated to zero. It is
readily noticed that for any value of the parameters the
equations in (30) have the trivial solution xR ) xR

0, XR )
XR
0, corresponding to the coil state of the polymer chain

with Φ ) 0.
To analyze the stability of any SP of the dynamic

system in (1), it should be established where the roots
of its characteristic polynomial are positioned:52

where coefficient ak represents the sum Sk
(m) of all

principle minors of the kth order52 of the matrix T with
elements

Here the following designations are used

for the derivatives of the components of vector-functions
π and F taken at the SP under examination, e.g., at the
corresponding solution of eq 30. To ensure that this SP
is stable, it is necessary and sufficient for all the roots
of its characteristic polynomial (31) to have negative real
parts. The Routh-Hurwitz method52 enables one to
avoid calculating these roots and to point out simple
relationships between the coefficients Rk, the fulfillment
of which provides the stability of the SP chosen. For
example, in the case of a terpolymer a criterion for such
stability will be the positiveness of coefficients a1 and
a2, whilst for a tetrapolymer along with the above
condition the fulfillment of the inequality a3 < a1a2 is
also required. At an arbitrary number of components
m, a necessary (but not sufficient!) condition of the SP
stability is the positiveness of all coefficients ak of its
characteristic polynomial (31).
For the SP corresponding to the trivial solution the

matrix elements in (33) will be read as

with the superscript indicating that the corresponding
function is taken at x ) x0 and X ) X0. The quantities
κγ and Ĉ have been determined by the formulas 23 and
20, whereas the derivative of the effective Flory-Huggins
parameter 19 with respect to the copolymer composition
on trivial solution of the eq 30 may be presented with
regard to (24) in the following form:

in which

Substituting the expression for Fγâ (34) into (32) it is
possible to find in an explicit form the expressions for
the coefficients of the polynomial 31. For the case under
consideration this polynomial in parallel with the root
λ ) -1, multiple of (m - 2), turned out to have one more
root:

whose sign defines the kinetic stability of the Θ-point
lying on the hypersurface B̂ ) 0 within the space of
control parameters of the dynamic system. In the
vicinity of this hypersurface, separating the domains of
coil and globular states of polymer chain, the SP
coordinates in m-simplexes

give limiting values x∞ ) xs and X∞ ) Xs, to which the
composition of both the monomer mixture and the

P{U} ) 〈1l∫1lπR[x(l′)]νRâ[x(l′)]...νψω[x(l′)] dl′〉 (28)

fW(l) ) [1 - γ
2

l
lav

+ γ] l
lav
2
exp{- l

lav} (29)

XR ) πR(x) xR ) FR(X) (R ) 1, ..., m) (30)

λm-1 + a1λ
m-2 + ... + am-1 ) 0 ak ) (-1)kSk

(m)

(31)

TRâ ) ∑
γ)1

m

πRγFγâ +
1

m
- δRâ (R, â ) 1, ..., m) (32)

πRγ ≡
∂πR

∂xγ
Fγâ ≡

∂Fγ

∂Xâ
(33)

Fγâ ) Fγâ
0 ) κγ

0 dâ
0 where dâ ) 1

2Ĉ
∂ø̂
∂Xâ

(34)

∂ø̂

∂Xâ

) σâ
PL - σâ

PP - ∑
γ)1

m

øâγ
PL
κγ
0 ) ∑

γ)1

m

{øPLθøLP -

øPP}âγ Xγ
0 - ∑

γ)1

m

{øPLθøLL - øPL}âγxγ
0 (35)

σâ
PL )

∂σPL

∂Xâ

) ∑
γ)1

m

øâγ
PLxγ

0 * σâ
LP σâ

PP ) ∑
γ)1

m

øâγ
PPXγ

0 (36)

λ ) ∑
Râ

dR
0πRâ

0
κâ
0 - 1 (37)

xR
s ) xR

0 + ΦG
0
κR
0 XR

s ) XR
0 + ΦG

0∑
â

πRâ
0
κâ
0 (38)
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copolymer tends in a globule if the SP of interest is
stable. At sufficiently small values of ΦG

0 this SP will
be stable when the quantity λ (37) is negative. In this
case the growing macroradical composition starting with
the instant of the transition into the globular state at a
certain critical length l ) l* will drift from X0 toward
Xs until the kinetic chain terminates. Such a drift, as
our theory postulates, must be accompanied by a
simultaneous change of monomer feed composition in
a globule from the value x′0 ) F(X0) up to the values,
close to x0. This has been experimentally verified for
the bulk copolymerization of styrene with methacrylic
acid and with acrylonitrile.36

In order to solve the problem of finding the critical
length l* of the propagating copolymer chain it is
supposed to abandon the limits of the approximation
used in the present paper, because in this case it is
necessary to take into account the spatial inhomogeneity
of the profile of monomer unit concentration in the
vicinity of the globule surface. Such an account provides
the possibility of finding the contribution σS to the free
energy of a globule due to the gradient of unit concen-
trations in its surface layer, a contribution equal to the
product of its area S by the surface tension σ at this
layer boundary. Rigorous derivation of such a formula,
connecting this quantity with thermodynamic param-
eters of a system, is intended to be performed elsewhere.
Here, in order to evaluate the surface contribution to
free energy, let us limit ourselves to the application of
the expression σ ≈ TB2C-3/237 for the surface tension of
the homopolymer globule in the vicinity of the Θ-point
by the replacement of virial coefficients B and C by their
effective values B̂ (19) and Ĉ (20). At the point of the
coil-to-globule transition, by definition, the free-energy
∆G vanishes through mutual compensation of the
negative volume contribution -TB̂2Ĉ-1l and positive
surface one TB̂2/3Ĉ-5/6l2/3. From this condition ∆G ) 0
the simple estimate follows l* ) 18πĈ1/2B̂-2 for a critical
degree of polymerization of a macroradical, under which
this latter goes into the globular state. The values l*
are naturally the greater, the closer the system is to
the Θ-point, where, by its definition, l* ) ∞.

5. Conclusions

The key feature of the theory of free-radical copolym-
erization presented here consists of its capability of
taking into quantitative account the influence of ther-
modynamic factors that are responsible for the differ-
ences in monomer mixture composition inside and
outside the domain of the polymer radical.53 This
distinction depends on the composition of the growing
polymer chain, which in turn is controlled by the ratio
of monomer concentrations in the vicinity of the propa-
gating macroradical. This interplay between physical
and chemical factors results in a situation in which
statistical characteristics of a copolymer such as its
composition, sequence distribution, and compositional
inhomogeneity, in parallel with reactivity ratios, turn
out to be governed also by thermodynamic parameters,
characterizing physical interactions between the com-
ponents of the reaction system. In the present paper,
by proceeding from commonly accepted polymer models,
general expressions for the above statistical character-
istics of forming copolymers have been derived. In a
subsequent paper we are going to demonstrate how the
results of the calculations based on these expressions
might be applied to interpret experimental data, ob-
tained in free-radical copolymerizations of a variety of

commercial monomers, which are indicative of the
aforementioned compositional irregularities, impossible
to explain in terms of traditional concepts.

Acknowledgment. Authors express their gratitude
to J. Harwood, K. O’Driscoll, and A. Jenkins for fruitful
discussions on “Bootstrap Effect” during the Symposium
“SML-96”. We are also very indebted to Dr. A. Mariani
for his valuable assistance in preparing the manuscript
for publication.

References and Notes

(1) Mayo, F. R.; Lewis, F. M. J. Am. Chem. Soc. 1944, 66, 1594.
(2) Alfrey, T.; Goldfinger, G. J. Chem. Phys. 1944, 12, 205.
(3) Alfrey, T.; Goldfinger, G. J. Chem. Phys. 1944, 12, 322.
(4) Walling, C.; Briggs, E. R. J. Am. Chem. Soc. 1945, 67, 1774.
(5) Merz, E.; Alfrey, T.; Goldfinger, G. J. Polym. Sci. 1946, 1,

75.
(6) Ham, G. E. J. Polym. Sci. 1960, 45, 169.
(7) Gaylord, N. G.; Takahashi, A. Adv. Chem. Ser. 1969, N91,

94.
(8) Seiner, J. A.; Litt, M. Macromolecules 1971, 4, 308.
(9) Hill, D. J.; O’Donnell, J. J.; O’Sullivan, P. W. Prog. Polym.

Science 1982, 8, 215.
(10) Ebdon, J. R.; Towns, C. R.; Dodson, K. J.Macromol. Sci., Part

C 1986, 26, 523.
(11) Ratzsch, M.; Vogl, O. Prog. Polym. Sci. 1991, 16, 279.
(12) Plochocka, K.; Harwood, H. J. ACS Polym. Preprints 1978,

19, 240.
(13) Harwood, H. J. Makromol. Chem., Macromol. Symp. 1987,

10, 331.
(14) Toppet, S.; Slinckx, M.; Smets, G. J. Polym. Sci., Ser. A 1975,

13, 1879.
(15) Park, K. Y.; Santee, E. R.; Harwood, H. J. ACS Polym.

Preprints 1986, 27, 240.
(16) Suggate, J. R. Makromol. Chem. 1978, 179, 1219.
(17) Suggate, J. R. Makromol. Chem. 1979, 180, 679.
(18) Park, K. Y.; Santee, E. R.; Harwood, H. J. Eur. Polym. J.

1989, 25, 651.
(19) Davis, T. P. Polym. Commun. 1990, 31, 442.
(20) Klumperman, B.; Brown, P. G. Macromolecules 1994, 27,

6100.
(21) Semchikov, Yu. D.; Knjazeva, T. E.; Smirnova, L. A.; Ba-

zhenova, N. N.; Slavnitskaya, N. N. Vysokomol. Soedin., Ser.
B 1981, 23, 483.

(22) Smirnova, L. A.; Semchikov, Yu. D.; Slavnitskaya, N. N.;
Knjazeva, T. E.; Modeva, Sh. I.; Bulgakova, S. A. Dokl. Acad.
Nauk USSR 1982, 263, 1170.

(23) Semchikov, Yu. D.; Smirnova, L. A.; Knjazeva, T. E.; Bulga-
kova, S. A.; Voskoboynik, G. A.; Sherstyanykh, V. I. Vysoko-
mol. Soedin., Ser. A 1984, 26, 704.

(24) Semchikov, Yu. D.; Smirnova, L. A.; Bulgakova, S. A.;
Sherstyanykh, V. I.; Knjazeva, T. E.; Slavnitskaya, N. N.
Vysokomol. Soedin., Ser. B 1987, 29, 220.

(25) Semchikov, Yu. D.; Knjazeva, T. E.; Smirnova, L. A.; Riabov,
S. A.; Slavnitskaya, N. N.; Modeva, Sh. I.; Bulgakova, S. A.;
Sherstyanykh, V. I. Vysokomol. Soedin., Ser. A 1987, 29,
2625.

(26) Semchikov, Yu. D.; Smirnova, L. A.; Bulgakova, S. A.;
Knjazeva, T. E.; Sherstyanykh, V. I.; Slavnitskaya, N. N.
Dokl. Acad. Nauk USSR 1988, 298, 411.

(27) Egorochkin, G. A.; Semchikov, Yu. D.; Smirnova, L. A.;
Knjazeva, T. E.; Tikhonova, Z. A.; Kariakin, N. V.; Sveshni-
kova, T. G. Vysokomol. Soedin., Ser. B 1989, 31, 46.

(28) Semchikov, Yu. D.; Smirnova, L. A.; Sherstyanykh, V. I.
Vysokomol. Soedin., Ser. B 1989, 31, 249.

(29) Egorochkin, G. A.; Smirnova, L. A.; Semchikov, Yu. D.;
Tikhonova, Z. A. Vysokomol. Soedin., Ser. B 1989, 31, 433.

(30) Smirnova, L. A.; Egorochkin, G. A.; Semchikov, Yu. D.;
Kariakin, N. V. Dokl. Acad. Nauk USSR 1990, 313, 381.

(31) Smirnova, L. A.; Semchikov, Yu. D.; Egorochkin, G. A.;
Sveshnikova, T. G.; Konkina, T. N. Vysokomol. Soedin., Ser.
B 1990, 32, 624.

(32) Semchikov, Yu. D.; Smirnova, L. A.; Knjazeva, T. E.; Sher-
styanykh, V. I. Eur. Polym. J. 1990, 26, 883.

(33) Semchikov, Yu. D.; Slavnitskaya, N. N.; Smirnova, L. A.;
Sherstyanykh, V. I.; Sveshnikova, T. G.; Borina, T. I. Eur.
Polym. J. 1990, 26, 889.

(34) Smirnova, L. A.; Semchikov, Yu. D.; Kopylova, N. A.; Svesh-
nikova, T. G.; Izvolenskii, V. V.; Grebneva, M. V. Dokl. Acad.
Nauk USSR 1991, 317, 410.

4518 Kuchanov and Russo Macromolecules, Vol. 30, No. 16, 1997



(35) Semchikov, Yu. D.; Smirnova, L. A.; Kopylova, N. A.; Svesh-
nikova, T. G. Vysokomol. Soedin., Ser. B 1994, 37, 542.

(36) Smirnova, L. A. Ph.D. Dissertation, Moscow State University,
1991.

(37) Lifshitz, I. M.; Grosberg, A. Yu.; Khokhlov, A. R. Rev. Mod.
Phys. 1978, 50, 683.

(38) Lifshitz, I. M. Zh. Eksp. Teor. Fiz. 1968, 55, 2408.
(39) Dondos, A.; Benoit, H. In Order in Polymer Solutions; Solc,

K., Ed.; Gordon & Breach Science Publishers: London, New
York, 1976; p 175.

(40) Katime, J.; Garro, P.; Teijon, J. M. Eur. Polym. J. 1976, 11,
881.

(41) Kuchanov, S. I. To be published.
(42) Lifshitz, I. M.; Grosberg, A. Yu. Dokl. Acad. Nauk USSR

1975, 220, 468.
(43) Pouchly, J. Pure Appl. Chem. 1989, 61, 1085.
(44) Eskin, B. E. Light Scattering by Polymer Solutions; Nauka:

Leningrad, 1986; Chapter 4.
(45) Kuchanov, S. I. To be published.

(46) Dondos, A.; Patterson, D. J. Polym. Sci., Ser. A-2, 1969, 7,
209.

(47) Dondos, A.; Benoit, H. Macromolecules 1973, 6, 242.
(48) Chu, S. C.; Munk, P. Macromolecules 1978, 11, 879.
(49) Masegosa, R.; Prolongo, M.; Hernandes-Fuentes, J.; Horta,

A. Macromolecules 1984, 17, 1187.
(50) Kuchanov, S. I. Methods of Kinetic Calculations in Polymer

Chemistry; Khimia: Moscow, 1978.
(51) Kuchanov, S. I. Adv. Polym. Sci. 1992, 103, 1.
(52) Arrowsmith, D. K.; Place, C. M. Ordinary Differential Equa-

tions. A Qualitative Approach With Applications; Chapman
& Hall Publishers: London, New York, 1982.

(53) Kuchanov, S. I.; Russo, S. Proceedings of the 2nd IUPAC-
Sponsored International Symposium “Free Radical Polym-
erization: Kinetics and Mechanisms”, SML-96, Prospero,
Genoa, Italy, 1996; p 259.

MA961473M

Macromolecules, Vol. 30, No. 16, 1997 Theory of Free-Radical Copolymerization 4519


